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Abstract
A complete and explicit classification of all locally constructed conserved
currents and underlying conserved tensors is obtained for massless linear sym-
metric spinor fields of any spin s ≥ 1/2 in four dimensional flat spacetime.
These results generalize the recent classification in the spin s = 1 case of all
conserved currents locally constructed from the electromagnetic spinor field.
The present classification yields spin s ≥ 1/2 analogs of the well-known elec-
tromagnetic stress-energy tensor and Lipkin’s zilch tensor, as well as a spin
s ≥ 1/2 analog of a novel chiral tensor found in the spin s = 1 case. The chiral
tensor possesses odd parity under a duality symmetry (i.e., a phase rotation)
on the spin s field, in contrast to the even parity of the stress-energy and zilch
tensors. As a main result, it is shown that every locally constructed conserved
current for each s ≥ 1/2 is equivalent to a sum of elementary linear conserved
currents, quadratic conserved currents associated with the stress-energy, zilch,
and chiral tensors, and higher derivative extensions of these currents in which
the spin s field is replaced by its repeated conformally-weighted Lie derivatives
with respect to conformal Killing vectors of flat spacetime. Moreover, all of
the currents have a direct, unified characterization in terms of Killing spinors.
The cases s = 2, s = 1/2 and s = 3/2 provide a complete set of conserved
quantities for propagation of gravitons (i.e., linearized gravity waves), neutri-
nos and gravitinos, respectively, on flat spacetime. The physical meaning of
the zilch and chiral quantities is discussed.
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I. INTRODUCTION
In classical relativity theory, the fundamental spinor equations describing propagation
of free massless spin s ≥ 1/2 fields in spacetime have many interesting aspects [1]. In
particular, due to their linear nature, these field equations have long been known to admit a
rich structure of conserved currents and symmetries, although few complete results on this
structure have been obtained to-date [2].
A main motivation for studying conserved currents of massless spin s fields is to find a
complete set of conserved quantities characterizing the propagation of electromagnetic waves
and linearized gravity waves in the cases s = 1, 2, as well as the propagation of neutrinos
in the case s = 1/2 (and more theoretically, gravitinos in the case s = 3/2). In recent
work [3,4] on the spin 1 field equations (i.e., Maxwell’s equations) in flat spacetime, using
spinorial techniques and general conservation law methods [5,6,7], we obtained a complete
and explicit classification of all conserved currents that are locally constructed from the
spin 1 field strength and its derivatives to any order. A principal result for the spin 1
field equations is that in addition to the elementary linear currents and the well-known
quadratic stress-energy and zilch currents, there are also quadratic chiral currents [2,3]
which, in contrast to the stress-energy and zilch currents, possess odd parity under the
duality symmetry interchanging the electric and magnetic components of the spin 1 field
strength. Moreover, all of these currents have higher derivative extensions [8] obtained by
a repeated replacement of the field strength by conformally-weighted Lie derivatives with
respect to conformal Killing vectors of flat spacetime. Our classification establishes that
every conserved current locally constructed from the spin 1 field strength and its derivatives
is equivalent to a linear combination of the elementary currents, the even parity stress-energy
and zilch currents, the odd parity chiral currents, and their higher derivative extensions.
In this paper we generalize the previous classification results on conserved currents to
the massless spin s field equations for all s = 1/2, 1, 3/2, 2, . . . in flat spacetime. Besides spin
s analogs of the electromagnetic stress-energy and zilch conserved currents, we also obtain
new chiral conserved currents analogous to those in the spin 1 case, as well as higher deriva-
tive extensions of these currents given by a repeated application of conformally-weighted
Lie derivatives on the spin s field. We show that the resulting set of quadratic currents,
together with the set of elementary linear conserved currents, yields a complete and unified
classification of all conserved currents locally constructed from the spin s field strength and
its derivatives to any order. Furthermore, we derive underlying conserved tensors associated
with these conserved currents, giving a spin s generalization of the electromagnetic energy
tensor, zilch tensor, and new chiral tensor from Ref. [3].
In Sec. II we state the main results and outline our classification method, which makes
essential use of adjoint symmetries of the massless spin s field equations. Adjoint symmetries
are solutions of the formal adjoint equations of the determining equations for symmetries,
and they give rise to conserved currents through a conservation law identity involving the
scaling symmetry of the spin s field. Hence, our analysis involves a complete classification
of the adjoint symmetries of massless spin s ≥ 1/2 fields in flat spacetime. These are
found to be characterized in terms of Killing spinors, which are spinorial generalizations of
Killing vectors related to twistors [1]. Killing spinors in flat spacetime admit a factorization
into sums of symmetrized products of twistors. This important property allows the adjoint
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symmetries of massless spin s fields to be classified in a simple and uniform way, which is
pivotal for our results. We carry out the classification analysis of adjoint symmetries in
Sec. III.
In Sec. IV we present the details of our classification of conserved currents. The resulting
set of conserved quantities obtained from these currents is exhibited in Sec. V and some
aspects of their physical meaning are discussed. Finally, we make some concluding remarks
in Sec. VI.
II. METHOD AND MAIN RESULTS
In four dimensional flat spacetime M = (R4, ηab), the spinor equations describing free
massless spin s ≥ 1/2 fields are given by
∂
A1
A′ φA1···A2s(x) = 0, (2.1)
where φA1···A2s is a symmetric spinor representing the spin s field strength [1]. Here ∂AA′ =
e
a
AA′∂a is the spinorial derivative associated with the metric compatible derivative ∂a onM ,
i.e., ∂cηab = 0; e
a
AA′ is the soldering form given by a complex-valued null tetrad basis for the
metric ηab satisfying e
a
AA′e
b
BB′ηab = ǫABǫA′B′ , where ǫAB is the spin metric. Throughout
this paper we use the index notation and conventions of Ref. [1]; the metric signature is
(+,−,−,−), and the spin metric is used for raising/lowering indices. Note that, in standard
Minkowski coordinates x
µ
, the components of the derivative operators ∂a and ∂AA′ are simply
the coordinate partial derivatives ∂µ = ∂/∂x
µ
and e
µ
AA′∂µ = ∂/∂x
AA′
, respectively, with
x
AA′
= e
AA′
µ x
µ
.
It is convenient to introduce the jet spaces Jq(φ), 0 ≤ q ≤ ∞, using the spinorial
coordinates
Jq(φ) = {(xCC
′
, φA1···A2s , φ
C′
1
A1···A2s,C1
, . . . , φ
C′
1
···C′q
A1···A2s,C1···Cq
)}, (2.2)
where the coordinates of a point in Jq(φ) are identified with a spacetime point x
CC′
and the
values of the spin s field strength φA1···A2s(x) and its derivatives ∂
C′
1
C1
· · ·∂
C′p
Cp
φA1···A2s(x), 1 ≤
p ≤ q, at xCC
′
. The solution space of the field equations (2.1) is the subspace R(φ) ⊂ J1(φ)
defined by imposing φ
A1
A1···A2s,A′
= 0. The derivatives of the field equations (2.1) up to order
q similarly define the q-fold prolonged solution space Rq(φ) ⊂ Jq+1(φ) which is the subspace
satisfying φ
A1C1···Cp
A1···A2s,A′C′1···C
′
p
= 0, p ≤ q. As shown by Penrose [1], the symmetric spinors
φ
C′
1
···C′p
A1···A2sC1···Cp
= φ
(C′
1
···C′p)
(A1···A2s, C1···Cp)
, p ≥ 0, (2.3)
(where we let φ
C′
1
···C′p
A1···A2s,C1···Cp
for p = 0 stand for φA1···A2s) form an “exact set of fields” that
provide coordinates on the prolonged solution spaces,
Rq(φ) = {(xCC
′
, φA1···A2s , φ
C′
1
A1···A2sC1
, . . . , φ
C′
1
···C′q+1
A1···A2sC1···Cq+1
)}, 0 ≤ q ≤ ∞. (2.4)
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Note that R∞(φ) is invariant under the transformation
φ
C′
1
···C′p
A1···A2s,C1···Cp
→ −iφ
C′
1
···C′p
A1···A2s,C1···Cp
, p ≥ 0, (2.5)
which is called the duality symmetry of the field equations (2.1).
Write DAA′ = e
a
AA′Da for the spinorial total derivative operator on J
∞(φ) given by
D
A′
A = D
A
A′ = ∂/∂x
A
A′ +
∑
q≥0
(φ
A′C′
1
...C′q
A1···A2s,AC1...Cq
∂/∂φ
C′
1
...C′q
A1···A2s,C1...Cq
+φ¯
A′
1
···A′
2s,A
′C′
1
...C′q
AC1...Cq
∂/∂φ¯
A′
1
···A′
2s,C
′
1
...C′q
C1...Cq
), (2.6)
where φ¯
C1...Cp
A′
1
···A′
2s,C
′
1
...C′p
denotes the complex conjugate of φ
C′
1
...C′p
A1···A2s,C1...Cp
. Due to the commuta-
tivity of partial derivatives, DAA′ satisfies the identities
D
A′
(ADB)A′ = 0, D
A
(A′DB′)A = 0. (2.7)
A locally constructed conserved current of the massless spin s field equations (2.1) is a
vector function Ψ
a
defined on some Jq(φ) satisfying
DaΨ
a
= 0 on Rq(φ). (2.8)
We refer to the integer q as the order of Ψ
a
. The conserved current (2.8) is trivial if
Ψ
a
= DbΘ
ab
on some Rp(φ), (2.9)
where Θ
ab
= −Θba is some skew-tensor function on Jp(φ). Two conserved currents are
considered equivalent if their difference is a trivial conserved current. The smallest integer
among the orders of all conserved currents equivalent to Ψ
a
is called the order of the equiv-
alence class of conserved currents Ψ
a
. In spinor form, a conserved current of order q is a
spinor function Ψ
AA′
= e
AA′
a Ψ
a
satisfying
DAA′Ψ
AA′
= 0 on Rq(φ), (2.10)
which is trivial if
Ψ
AA′
= D
A
B′Θ
A′B′
+D
A′
B Θ˜
AB
on some Rp(φ) (2.11)
for some symmetric spinor functions Θ
A′B′
, Θ˜
AB
on Jp(φ) as determined from (2.9) by the
identity Θ
ab
e
AA′
a e
BB′
b = Θ
A′B′
ǫ
AB
+ Θ˜
AB
ǫ
A′B′
.
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A. Classification results
Recall that in spinor form a real conformal Killing vector [1,9] ζ
a
(x) is represented
by a spinor function ζ
AA′
(x) = e
AA′
a ζ
a
(x) satisfying ∂
(B′
(B ζ
A′)
A) = 0, and a real conformal
Killing-Yano tensor [10] Y
ab
(x) is represented by a symmetric spinor function Y
A′B′
(x) =
e
A′
aA e
AB′
b Y
ab
satisfying ∂
(C′
C Y
A′B′)
= 0, with Y¯
AB
(x) = e
A
aA′ e
BA′
b Y
ab
. Now define the
conformally-weighted Lie derivative of φA1···A2s(x) with respect to a conformal Killing vector
ζ
a
(x) by
Lˆ
ζ
φA1···A2s(x) = (Lζ +
1
4
div ζ )φA1···A2s(x), (2.12)
where L
ζ
is the standard spinorial Lie derivative (see Ref. [1]) and div ζ = ∂EE′ζ
EE′
. A
straightforward calculation shows that, due to the linearity and conformal invariance of the
field equations (2.1), Lˆ
ζ
φA1···A2s(x) is a solution whenever φA1···A2s(x) is one. Geometrically,
Lˆ
ζ
φA1···A2s(x) = ΩLζ (Ω
−1φA1···A2s(x)), where Ω(x) is the conformal factor of the spin metric
ǫAB → ΩǫAB under the one-parameter local conformal isometry of M generated by ζ (see
Ref. [9]), with the corresponding conformal weight of −1 assigned to φA1···A2s . The Lie
derivatives L
ζ
and Lˆ
ζ
have a natural lift to operators on J∞(φ) obtained by replacing ∂AA′
with DAA′. Note that, consequently, Lˆζ is well defined on R
∞(φ).
The elementary linear real-valued conserved currents of the massless spin s field equations
(2.1) are given by
ΨWAA′(φ, φ¯;ω) = ω
A′
1
···A′
2s−1
A φ¯A′A′
1
···A′
2s−1
+ ω¯
A1···A2s−1
A′ φAA1···A2s−1 , (2.13)
where ω
A′
1
···A′
2s−1
A (x) is a spinor function satisfying the adjoint spin s field equations
∂
A(A′
1ω
A′
2
···A′
2s)
A = 0. (2.14)
It is straightforward to verify that (2.13) is a conserved current of (2.1) due to (2.14).
The stress-energy currents, zilch currents, and chiral currents in Ref. [3] for electromag-
netic fields generalize to massless spin s fields as follows:
ΨTAA′(φ, φ¯; ζ) = 2ζ
A1A′1 · · · ζ
A2s−1A′2s−1φAA1···A2s−1φ¯A′A′1···A′2s−1
, (2.15)
ΨZAA′(φ, φ¯; ζ) = iζ
A1A′1 · · · ζ
A2s−1A′2s−1(φ¯A′A′
1
···A′
2s−1
Lˆ
ζ
φAA1···A2s−1
−φAA1···A2s−1Lˆζ φ¯A′A′1···A′2s−1
), (2.16)
ΨVAA′(φ, φ¯; Y, ζ) = Y
(A′
1
B′
1 · · ·Y
A′
2sB
′
2s)φ¯B′
1
···B′
2sA
′
1
ALˆζ φ¯A′A′2···A′2s
+Y¯
(A1B1 · · · Y¯ A2sB2s)φB1···B2sA1A′LˆζφAA2···A2s
5
+
2s+ 1
4s+ 1
(
∂AA′
1
(Y
(A′
1
B′
1 · · ·Y
A′
2sB
′
2s))φ¯B′
1
···B′
2s
Lˆ
ζ
φ¯A′A′
2
···A′
2s
+∂A′A1(Y¯
(A1B1 · · · Y¯ A2sB2s))φB1···B2sLˆζφAA2···A2s
)
. (2.17)
Proposition 2.1. For each integer n ≥ 0, and for nonzero real conformal Killing vectors
ζ and real conformal Killing-Yano tensors Y , the spinor functions
Ψ
(n)
T AA′(φ, φ¯; ζ) = ΨTAA′((Lˆζ)
nφ, (Lˆζ)
nφ¯; ζ), (2.18)
Ψ
(n)
Z AA′(φ, φ¯; ζ) = ΨZAA′((Lˆζ)
nφ, (Lˆζ)
nφ¯; ζ), (2.19)
Ψ
(n)
V AA′(φ, φ¯; Y, ζ) = ΨVAA′((Lˆζ)
nφ, (Lˆζ)
nφ¯; Y, ζ) (2.20)
yield non-trivial quadratic real-valued conserved currents of the massless spin s field equations
(2.1) of order n, n + 1, n + 1, respectively. The currents (2.18) and (2.19) possess even
parity under the duality symmetry (2.5), while the currents (2.20) possess odd parity.
We refer to these as the (higher order) stress-energy, zilch, and chiral currents, respec-
tively. A discussion of their physical nature is given in Sec. V.
Higher order elementary currents
Ψ
(n)
W AA′(φ, φ¯;ω, ζ) = ΨWAA′((Lˆζ)
nφ, (Lˆζ)
nφ¯;ω), n > 0, (2.21)
are equivalent to the currents ΨWAA′(φ, φ¯; (−Lˆζ)
nω), which are of order 0. Note here
Lˆ
ζ
ω
A′
1
···A′
2s−1
A is a solution of (2.14) whenever ω
A′
1
···A′
2s−1
A is one.
We now state the main classification results for conserved currents.
Theorem 2.2. Every locally constructed conserved current (2.8) of order q ≥ 0 of the
massless spin s ≥ 1/2 field equations (2.1) is equivalent to a sum of elementary currents
(2.13), stress-energy currents (2.18) with 0 ≤ n ≤ q, zilch currents (2.19) with 0 ≤ n ≤ q−1,
and chiral currents (2.20) with 0 ≤ n ≤ q − 1, involving a solution ω of the adjoint field
equations (2.14), and conformal Killing vectors ζ and conformal Killing-Yano tensors Y ;
ΨAA′ ≃ ΨWAA′(φ, φ¯;ω) +
∑
n≤q
(
∑
ζ
±Ψ(n)T AA′(φ, φ¯; ζ) +
∑
ζ
±Ψ(n−1)Z AA′(φ, φ¯; ζ)
+
∑
ζ,Y
±Ψ(n−1)V AA′(φ, φ¯; Y, ζ)).
Theorem 2.3. Up to the addition of lower order currents, the number of linearly inde-
pendent equivalence classes of stress-energy currents (2.18) of order n, zilch currents (2.19)
of order n+ 1, and chiral currents (2.20) of order n+ 1 is given by
1
3
(s+ n)2(2s+ 2n + 1)2(4s+ 4n + 1), (2.22)
1
3
(s+ n+ 1)2(2s+ 2n+ 1)2(4s+ 4n + 3), (2.23)
2
3
(n+ 1)(2n+ 3)(2s+ n+ 1)(4s+ 2n + 3)(4s+ 4n+ 5). (2.24)
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A construction for an explicit basis of linearly independent conserved quantities arising
from these quadratic currents is outlined in Sec. V. We remark that in the case s = 1 the
count formulae in Theorem 2.3 reduce to the results obtained in Refs. [11,3]. (Note, in the
former work, the “order of a current” equals what we define as its weight; see Corollary 4.7
in Sec. IV.)
Underlying the classification of conserved currents in Theorem 2.2 is a corresponding set
of conserved tensors of a certain natural covariant form. A locally constructed conserved
tensor of the massless spin s field equations (2.1) is a tensor function S
a1···ar defined on some
Jq(φ) satisfying
Da1S
a1···ar = 0 on Rq(φ). (2.25)
Such a tensor S
a1···ar is trivial if it agrees on some Rq(φ) with a tensor that satisfies (2.25)
identically on Jq+1(φ). Two conserved tensors are considered equivalent if their difference
is a trivial conserved tensor. The spinor form of a conserved tensor is given by S
A′
1
···A′r
A1···Ar
=
e
A′
1
a1A1
· · · e A
′
r
arAr
S
a1···ar .
We obtain conserved tensors from the quadratic conserved currents (2.18) to (2.20) by
first setting ζ
AA′
to be a constant spinorial vector and Y
A′B′
to be a constant symmetric
spinor, then factoring out ζ
A
A′, Y A′B′ , Y¯
AB
. The stress-energy and zilch currents thereby yield
T
A′
1
···A′
2s
A1···A2s
(φ, φ¯) = 2φA1···A2s φ¯
A′
1
···A′
2s , (2.26)
Z
A′
1
···A′
2sB
′
A1···A2sB
(φ, φ¯) = iφ¯
(A′
1
···A′
2sφ
B′)
A1···A2sB
− iφ(A1···A2s φ¯
A′
1
···A′
2sB
′
B). (2.27)
Taking into account that Y A′B′ is complex-valued, after some algebraic manipulations we
find that the chiral current yields
V+
A′
1
A′
2
B′
1
C′
1
···B′
2sC
′
2s
A1A2B1C1···B2sC2s
(φ, φ¯) = V
A′
1
A′
2
B′
1
C′
1
···B′
2sC
′
2s
A1A2B1C1···B2sC2s
(φ¯) + V¯
A′
1
A′
2
B′
1
C′
1
···B′
2sC
′
2s
A1A2B1C1···B2sC2s
(φ), (2.28)
V−
A′
1
A′
2
B′
1
C′
1
···B′
2sC
′
2s
A1A2B1C1···B2sC2s
(φ, φ¯) = iV
A′
1
A′
2
B′
1
C′
1
···B′
2sC
′
2s
A1A2B1C1···B2sC2s
(φ¯)− iV¯
A′
1
A′
2
B′
1
C′
1
···B′
2sC
′
2s
A1A2B1C1···B2sC2s
(φ), (2.29)
where
V
A′
1
A′
2
B′
1
C′
1
···B′
2sC
′
2s
A1A2B1C1···B2sC2s
(φ¯) = ǫB1C1 · · · ǫB2sC2s(φ¯
(B′
1
···B′
2s|A
′
1
|
(A1
φ¯
C′
1
···C′
2s)A
′
2
A2)
−φ¯
(B′
1
···B′
2s|A
′
2
|
[A2
φ¯
C′
1
···C′
2s)A
′
1
A1]
). (2.30)
We refer to (2.26) to (2.30) as the spin s energy tensor, zilch tensor, and chiral tensors,
respectively.
Proposition 2.4. The spinor functions (2.26), (2.27), (2.28) and (2.29) yield real-valued
conserved tensors of the massless spin s field equations (2.1), given by
T
a1···a2s(φ, φ¯), Z
a1···a2sb(φ, φ¯), (2.31)
V±
a1a2b1c1···b2sc2s(φ, φ¯). (2.32)
On R∞(φ), both the energy and zilch tensors (2.31) are symmetric and trace-free on all their
indices, while the chiral tensors (2.32) are symmetric on their first two indices and skew on
7
each of the last 2s pairs of indices, symmetric under the interchange of all pairs of skew
indices, trace-free on the last 4s+ 1 indices, and satisfy the duality relation
∗V±
a1a2b1c1···b2sc2s(φ, φ¯) = ±V∓
a1a2b1c1···b2sc2s(φ, φ¯) (2.33)
where ∗ denotes the Hodge dual operator 1
2
ǫ
cd
ab defined in terms of the metric volume form
acting on a skew pair of indices.
The conserved tensors (2.31) and (2.32) have higher order extensions
T
a1···a2s((Lˆζ)
nφ, (Lˆζ)
nφ¯) (2.34)
Z
a1···a2sb((Lˆζ)
nφ, (Lˆζ)
nφ¯) (2.35)
V±
a1a2b1c1···b2sc2s((Lˆζ)
nφ, (Lˆζ)
nφ¯) (2.36)
for real conformal Killing vectors ζ , for every n ≥ 0. By taking ζ to be a constant Killing
vector in (2.34) to (2.36) and factoring it out, one obtains higher rank energy tensors, zilch
tensors, and chiral tensors that are locally constructed in a covariant fashion purely from the
variables (2.3) and the spin metric. We will prove a classification result for such covariant
conserved tensors in Ref. [12].
Finally, we remark that the extended energy tensor (2.26) also arises naturally from the
so-called super-energy construction [13] applied to the massless spin s field equations (2.1).
Further properties of (2.26), in particular a dominant energy condition, can be obtained
from the results in Ref. [13].
B. Preliminaries
Here we outline the main steps in the proofs of the classification theorems of the previous
section. For any conserved current (2.8) of order q, it is convenient to consider an equivalent
conserved current, which we again denote by Ψ
AA′
, given by the standard integration by
parts procedure [5] such that
DAA′Ψ
AA′
= Q
A′
1
···A′
2s−1
B φ¯
B′B
B′A′
1
···A′
2s−1,
+ Q˜
A1···A2s−1
B′ φ
BB′
BA1···A2s−1,
(2.37)
for some spinor functions Q
A′
1
···A′
2s−1
B , Q˜
A1···A2s−1
B′ on J
r(φ) for some r ≤ 2q. The pair
Q = (Q
A′
1
···A′
2s−1
B , Q˜
A1···A2s−1
B′ ) (2.38)
is referred to as the characteristic of the conserved current Ψ
AA′
and the integer r is
called the order of Q. If Φ
AA′
is a conserved current equivalent to Ψ
AA′
then we call
Q a characteristic admitted by Φ
AA′
. A conserved current Ψ
AA′
is equivalent to a real-
valued current only if it admits characteristic spinor functions that are complex conjugates
Q˜
A1···A2s−1
B′ = Q¯
A1···A2s−1
B′ . In this case we simply call Q
A′
1
···A′
2s−1
B the characteristic admit-
ted by Ψ
AA′
. Given a characteristic Q, one can employ a locally constructed integral formula
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[5,7] to obtain a conserved current Ψ
AA′
satisfying (2.37) (namely, solving the divergence
equations by an application of the homotopy operator of the Euler-Lagrange complex [14]
on the jet space J∞(φ)).
It can be straightforwardly shown that, for s ≥ 1, the gradient expressions
Q
A′
1
···A′
2s−1
B = D
(A′
1
B χ
A′
2
···A′
2s−1), Q˜
A1···A2s−1
B′ = D
(A1
B′ χ˜
A2···A2s−1) (2.39)
for any symmetric spinor functions χ
A′
1
···A′
2s−2 , χ˜
A1···A2s−2 on Jr−1(φ) yield a characteristic
Q that determines a trivial conserved current (2.11) with ΘA′B′ = χ
A′
1
···A′
2s−2φ¯A′B′A′
1
···A′
2s−2
and Θ˜AB = χ˜
A1···A2s−2φABA1···A2s−2 due to identities (2.7). Moreover, by the linearity of
the field equations (2.1), one can show that [5] a conserved current with a characteristic
Q that vanishes on some Rq(φ) is trivial. Consequently, we call a characteristic Q trivial
if it agrees with symmetrized spinor gradients (2.39) when restricted to some Rp(φ). Two
characteristics are considered to be equivalent if their difference is a trivial characteristic. By
the same proof as in the case s = 1 given in Ref. [3], we now find the following relationship
between conserved currents and characteristics.
Theorem 2.5. There is a one-to-one correspondence between equivalence classes of con-
served currents and equivalence classes of characteristics for the massless spin s ≥ 1/2 field
equations (2.1).
Necessary conditions for a pair of spinor functions (2.38) to satisfy the characteristic
equation (2.37) can be obtained by the use of the standard Euler operator [5] that annihilates
total divergence expressions on J∞(φ). In particular, one can show that the symmetrized
divergences D
A(A′
1Q
A′
2
···A′
2s)
A and D
A′(A1Q˜
A2···A2s)
A′ of a characteristic Q are proportional to
the field equations (2.1) and their derivatives, and thus all characteristics of order r satisfy
D
A(A′
1Q
A′
2
···A′
2s)
A = 0, D
A′(A1Q˜
A2···A2s)
A′ = 0 on R
r(φ). (2.40)
These equations are the adjoint of the determining equations
D
A′
1
A XA′
1
···A′
2s
= 0, D
A1
A′ X˜A1···A2s = 0 on R
r(φ) (2.41)
for symmetries X = XA′
1
···A′
2s
∂/∂φ¯A′
1
···A′
2s
+ X˜A1···A2s∂/∂φA1···A2s of massless spin s ≥ 1/2
fields [4]. We refer to (2.40) as the adjoint symmetry equations and we call functions
P = (P
A′
1
···A′
2s−1
B , P˜
A1···A2s−1
B′ ) (2.42)
defined on Jr(φ) an adjoint symmetry of order r of massless spin s ≥ 1/2 fields if (2.42)
satisfies
D
B(A′
1P
A′
2
···A′
2s)
B = 0, D
B′(A1P˜
A2···A2s)
B′ = 0 on R
r(φ). (2.43)
(Note that, under complex conjugation, solutions of the first equation go into solutions of
the second equation, and conversely.) It follows from equation (2.39) that if s ≥ 1 the
symmetrized spinor gradients
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P
A′
1
···A′
2s−1
B = D
(A′
1
B χ
A′
2
···A′
2s−1), P˜
A1···A2s−1
B′ = D
(A1
B′ χ˜
A2···A2s−1) (2.44)
for any symmetric spinor functions χ
A′
1
···A′
2s−2 , χ˜
A1···A2s−2 on Jr−1(φ) trivially satisfy (2.43).
We call P an adjoint gauge symmetry if it agrees with (2.44) on Rr−1(φ), and we consider
two adjoint symmetries to be equivalent if their difference is an adjoint gauge symmetry.
The order r of an adjoint symmetry P is called minimal if it is the smallest among the
orders of all adjoint symmetries equivalent to P. If P is not equivalent to an adjoint gauge
symmetry then we call P non-trivial. Note that equations (2.43) do not admit any adjoint
gauge symmetry solutions when s = 1/2.
Thus, all characteristics Q of conserved currents of the massless spin s ≥ 1/2 field equa-
tions (2.1) are adjoint symmetries. However, an adjoint symmetry P is not a characteristic
of a conserved current unless it satisfies the characteristic equation (2.37). This requires
certain differential conditions [5,6,7] to hold on P in addition to (2.43). Indeed, massless
spin s ≥ 1/2 fields admit non-trivial adjoint symmetries that fail to be equivalent to char-
acteristics, similarly to the case s = 1 treated in Ref. [3]. Nevertheless, due to the linearity
of the field equations (2.1), this difficulty can be by-passed by employing a variant of the
standard integral formula for constructing a conserved current (2.37) from its characteristic
Q.
Let
ΦAA′(P) =
∫ 1
0
dλ(φ¯A′A′
1
···A′
2s−1
P
A′
1
···A′
2s−1
A (x, λφ, λφ¯) + φAA1···A2s−1P˜
A1···A2s−1
A′ (x, λφ, λφ¯)),
(2.45)
where P = (P
A′
1
···A′
2s−1
A , P˜
A1···A2s−1
A′ ) is a pair of spinor functions defined on some J
q(φ),
with φ, φ¯ standing collectively for all the variables φ
C′
1
···C′p
A1···A2s,C1···Cp
, φ¯
A′
1
···A′
2s,C
′
1
···C′p
C1···Cp
, p ≥ 0.
Proposition 2.6. Let P = (P
A′
1
···A′
2s−1
A , P˜
A1···A2s−1
A′ ) be an adjoint symmetry of order
r of the massless spin s ≥ 1/2 field equations (2.1). Then ΦAA
′
(P) is a conserved current
of order r. If P is equivalent to the characteristic Q of a conserved current Ψ
AA′
, then
the current Φ
AA′
(P) is equivalent to Ψ
AA′
. In particular, if P is equivalent to a trivial
characteristic, then Φ
AA′
(P) is a trivial current.
Corollary 2.7. If an adjoint symmetry P is not equivalent to a characteristic Q admitted
by the conserved current Φ
AA′
(P), then P is not equivalent to the characteristic of any
conserved current.
The proof of these results is analogous to that presented in Ref. [3] for the case s = 1.
We remark that the conserved current formula (2.45) originates [6,15] from the conservation
law identity
D
BB′
(P
A′
2
···A′
2s
B XB′A′
2
···A′
2s
+ P˜
A2···A2s
B′ X˜BA2···A2s) = 0 on R
∞(φ), (2.46)
which holds due to the adjoint relation between equations (2.40) and (2.41). In particular,
we obtain (2.45) by first letting XB′A′
2
···A′
2s
= φ¯B′A′
2
···A′
2s
and X˜BA2···A2s = φBA2···A2s be the
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scaling symmetry of the field equations (2.1), then replacing the variables φ, φ¯ by the one-
parameter scaling λφ, λφ¯, and finally dividing by λ and integrating from λ = 0 to λ = 1. In
comparison, the standard integral formula arises in a similar manner [7] from a well-known
identity [5,14] relating the Euler operator and linearization operator on J∞(φ) (namely, the
first variational formula of the calculus of variations), applied to the characteristic equation
(2.37).
As a consequence of Theorem 2.5 and Proposition 2.6, we are able to establish the
classification result of Theorem 2.2 for all conserved currents of the massless spin s ≥ 1/2
field equations by the following steps:
(i) classify up to equivalence all adjoint symmetries of massless spin s ≥ 1/2 fields;
(ii) use integral formula (2.45) to construct the conserved currents arising from the
equivalence classes of adjoint symmetries found in step (i);
(iii) calculate a characteristic for each equivalence class of conserved currents found in
step (ii);
(iv) classify the equivalences classes of characteristics found in step (iii).
III. CLASSIFICATION OF ADJOINT SYMMETRIES
We solve the adjoint symmetry equations
D
A(A′
1P
A′
2
···A′
2s)
A = 0 on R
r(φ) (3.1)
by spinorial methods. To begin, we summarize some useful preliminary results.
In flat spacetime, a Killing spinor κ
A1···AkA
′
1
···A′l(x) of type (k, l) is a solution of the
conformally invariant equation [1]
∂
(B′|(B
κ
A1···Ak)|A
′
1
···A′l) = 0. (3.2)
Complex conjugation of a type (k, l) Killing spinor yields a type (l, k) Killing spinor. Note
that a type (1, 1) Killing spinor corresponds to a complex-valued conformal Killing vector
ζ
a
= e
a
AA′κ
AA′
, and a type (0, 2) Killing spinor corresponds to a conformal Killing-Yano
tensor Y
ab
= e
a
AA′e
bA
B′κ
A′B′
which is self-dual, ∗Y ab = iY ab, where ∗ denotes the Hodge
dual operator. We refer to a type (k, k) Killing spinor as a rank k conformal Killing tensor,
and a type (0, 2l) Killing spinor as a rank l self-dual conformal Killing-Yano tensor. A rank
k conformal Killing tensor that is real, i.e., invariant under complex conjugation, will be
called a type (k, k)R Killing spinor. Killing spinors in flat spacetime can be factored into
sums of symmetrized products of type (0, 1) and (1, 0) Killing spinors, which corresponds to
the factorization of principal parts of trace-free symmetric twistors in terms of elementary
twistors [1]. The following Lemma, which is a consequence of this factorization property,
will be pivotal in our analysis of adjoint symmetries and conserved currents.
Lemma 3.1. A symmetric spinor function κ
A1···AkA
′
1
···A′k(x) is a Killing spinor of type (k, k)
if and only if it can be expressed as a sum of symmetrized products of conformal Killing vec-
tors κ
A′
1
···A′
k
A1···Ak
=
∑
ζ ζ
A′
1
(A1
· · · ζ
A′
k
Ak)
. A symmetric spinor function κ
A′
1
···A′
2l(x) is a Killing spinor
of type (0, 2l) if and only if it can be expressed as a sum of symmetrized products of self-dual
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conformal Killing-Yano tensors κ
A′
1
···A′
2l =
∑
Y Y
(A′
1
A′
2 · · ·Y
A′
2l−1
A′
2l
)
. More generally, a sym-
metric spinor function κ
A1···AkA
′
1
···A′k+2l(x) is a Killing spinor of type (k, k + 2l) if and only
if it can be expressed as a sum of symmetrized products of rank k conformal Killing tensors
and rank l self-dual conformal Killing-Yano tensors. There are
(k + 1)(k + 2)(k + 2l + 1)(k + 2l + 2)(2k + 2l + 3)/12
linearly independent Killing spinors of type (k, k + 2l) over the complex numbers.
It is straightforward to verify that, due to the invariance of the Killing spinor equa-
tion (3.2) under local conformal scalings of the Minkowski metric, the Lie derivative
Lζκ
A1···AkA
′
1
···A′l of a Killing spinor κ
A1···AkA
′
1
···A′l with respect to a conformal Killing vec-
tor ζ is again a Killing spinor of the same type. Recall that, if φA1···A2s(x) is a solution of
the massless spin s field equations (2.1), then so is its conformally-weighted Lie derivative
Lˆ
ζ
φA1···A2s(x) with respect to a conformal Killing vector ζ . For convenience we write
φ
(n)
ζ A1···A2s
= (Lˆζ)
nφA1···A2s , φ¯
(n)
ζ A′
1
···A′
2s
= (Lˆζ)
nφ¯A′
1
···A′
2s
, n ≥ 0. (3.3)
A spinor function ω
A′
1
···A′
2s−1
A (x) satisfying the adjoint spin s field equations (2.14) is
called an elementary adjoint symmetry, which we denote by W
A′
1
···A′
2s−1
A (ω) = ω
A′
1
···A′
2s−1
A .
To proceed, we present the spin s ≥ 1/2 analogs of the non-elementary adjoint symmetries
found in Ref. [3] for Maxwell’s equations.
Proposition 3.2 Let ζ
AA′
, ξ
A1···A2s−1A′1···A
′
2s−1, Υ
A′
1
···A′
4s be Killing spinors. Then, for each
integer n ≥ 0, the spinor functions
U
A′
1
···A′
2s−1
A (φ;n, ζ, ξ) = ξ
A1···A2s−1A′1···A
′
2s−1φ
(n)
ζ AA1···A2s−1
, (3.4)
V
A′
1
···A′
2s−1
A (φ¯;n, ζ,Υ) = Υ
A′A′
1
···A′
2s−1B
′
1
···B′
2sDAA′φ¯
(n)
ζ B′
1
···B′
2s
+
2s+ 1
4s+ 1
∂AA′Υ
A′A′
1
···A′
2s−1B
′
1
···B′
2s φ¯
(n)
ζ B′
1
···B′
2s
(3.5)
are adjoint symmetries of order n and n+1, respectively. Furthermore, these are equivalent
to non-trivial adjoint symmetries whose respective highest order terms are given by
(−1)nξ
A1···A2s−1(A′1···A
′
2s−1ζ
C′
1
C1
· · · ζC
′
n)
Cn
φ
C1···Cn
AA1···A2s−1C′1···C
′
n
, (3.6)
(−1)nΥ
(A′A′
1
···A′
2s−1B
′
1
···B′
2sζ
C′
1
C1
· · · ζC
′
n)
Cn
ǫBAφ¯
BC1···Cn
B′
1
···B′
2sA
′C′
1
···C′n
, (3.7)
provided that ζ, ξ,Υ are non-zero.
We next state the classification result for adjoint symmetries of all massless spin s ≥ 1/2
fields.
Theorem 3.3. Every adjoint symmetry P
A′
1
···A′
2s−1
A of order r is equivalent to a
sum of an elementary adjoint symmetry W
A′
1
···A′
2s−1
A (ω) and linear adjoint symmetries
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U
A′
1
···A′
2s−1
A (φ;n, ζ, ξ), 0 ≤ n ≤ r, and V
A′
1
···A′
2s−1
A (φ¯;n, ζ,Υ), 0 ≤ n ≤ r − 1, involving
rank 2s − 1 conformal Killing tensors ξ, rank 2s self-dual conformal Killing-Yano tensors
Υ, and conformal Killing vectors ζ;
P
A′
1
···A′
2s−1
A ≃W
A′
1
···A′
2s−1
A (ω) +
∑
n≤r
(
∑
ζ,ξ
U
A′
1
···A′
2s−1
A (φ;n, ζ, ξ)
+
∑
ζ,Υ
V
A′
1
···A′
2s−1
A (φ¯;n− 1, ζ,Υ)). (3.8)
The proof of this theorem involves four main steps: First, one solves for the highest order
terms in P
A′
1
···A′
2s−1
A by means of a linearization technique. Next, using Proposition 3.2
combined with Lemma 3.1, one shows that these terms in P
A′
1
···A′
2s−1
A agree with the highest
order terms (3.6) and (3.7) in the linear adjoint symmetries (3.4) and (3.5) up to an adjoint
gauge symmetry. Hence, after subtracting these adjoint symmetries from P
A′
1
···A′
2s−1
A , one
obtains a solution of lower order. Finally, one completes the proof by applying a descent
argument with respect to the order of the adjoint symmetry. The details of these steps are
similar to those in the case s = 1 in Ref. [3] and therefore will not be repeated here. We
remark that the first step relies on the local solvability [5] of the field equations (2.1), i.e.,
for each point (2.4) in Rq(φ) there is a solution ϕA1···A2s(x) of (2.1) such that ϕA1···A2s(x0) =
φA1···A2s and ∂
(C′
1
(C1
· · ·∂
C′p)
Cp
ϕA1···A2s)(x0) = φ
C′
1
···C′p
A1···A2sC1···Cp
, 1 ≤ p ≤ q + 1.
IV. CLASSIFICATION OF CONSERVED CURRENTS
We now proceed to determine the real-valued conserved currents arising from the clas-
sification of adjoint symmetries in Theorem 3.3. To begin, a conserved current Ψ
AA′
of
order q is called linear/quadratic if it can be expressed as a homogeneous linear/quadratic
polynomial in the variables φ
C′
1
···C′p
A1···A2s,C1···Cp
, 0 ≤ p ≤ q, and their complex conjugates. Let
the weight of a monomial be the sum of the orders of these variables, and let the weight of
a linear/quadratic current Ψ
AA′
be the maximum of the weights of all monomials in Ψ
AA′
.
This weight is called minimal if it is the smallest among the weights of all quadratic cur-
rents equivalent to Ψ
AA′
. By the same proof as in the case s = 1 in Ref. [3], we obtain the
following result.
Proposition 4.1. A conserved current Ψ
AA′
is equivalent to a linear/quadratic current
of minimal weight w if and only if Ψ
AA′
admits a characteristic that is equivalent to an
elementary/linear adjoint symmetry P
A′
1
···A′
2s−1
A of minimal order w.
For an elementary adjoint symmetry P
A′
1
···A′
2s−1
A = W
A′
1
···A′
2s−1
A (ω), the real-valued con-
served current arising from Proposition 2.6 is given by
ΦWAA′[ω] = φ¯A′A′
1
···A′
2s−1
ω
A′
1
···A′
2s−1
A + c.c., (4.1)
where c.c. denotes the complex conjugate term. Let ζ
CC′
be a real conformal Killing vec-
tor, ξ
A1···A2s−1A′1···A
′
2s−1 be a rank 2s − 1 real conformal Killing tensor, Υ
A′
1
···A′
4s be a rank
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2s self-dual conformal Killing-Yano tensor. For linear adjoint symmetries P
A′
1
···A′
2s−1
A =
U
A′
1
···A′
2s−1
A (φ;n, ζ, ξ), P
A′
1
···A′
2s−1
A = iU
A′
1
···A′
2s−1
A (φ;n, ζ, ξ) of order n, and P
A′
1
···A′
2s−1
A =
V
A′
1
···A′
2s−1
A (φ¯;n, ζ,Υ) of order n+1, n ≥ 0, the real-valued conserved currents arising from
Proposition 2.6 are given by
Φ
(n)
T AA′ [ξ, ζ ] =
1
2
φ¯A′A′
1
···A′
2s−1
U
A′
1
···A′
2s−1
A (φ;n, ζ, ξ) + c.c., (4.2)
Φ
(n)
Z AA′ [ξ, ζ ] =
i
2
φ¯A′A′
1
···A′
2s−1
U
A′
1
···A′
2s−1
A (φ;n, ζ, ξ) + c.c., (4.3)
Φ
(n)
V AA′[Υ, ζ ] =
1
2
φ¯A′A′
1
···A′
2s−1
V
A′
1
···A′
2s−1
A (φ¯;n, ζ,Υ) + c.c.. (4.4)
Lemma 4.2. The conserved currents (4.1), (4.2), (4.3), (4.4) admit the respective
characteristics
QW
A′
1
···A′
2s−1
A [ω] = ω
A′
1
···A′
2s−1
A , (4.5)
Q
(n)
T
A′
1
···A′
2s−1
A [ξ, ζ ] =
1 + (−1)n
2
U
A′
1
···A′
2s−1
A (φ;n, ζ, ξ)
+
(−1)n
2
n∑
p=1
(
n
p
)
U
A′
1
···A′
2s−1
A (φ;n− p, ζ, (Lζ)
pξ), (4.6)
Q
(n)
Z
A′
1
···A′
2s−1
A [ξ, ζ ] = i
1− (−1)n
2
U
A′
1
···A′
2s−1
A (φ;n, ζ, ξ)
−i
(−1)n
2
n∑
p=1
(
n
p
)
U
A′
1
···A′
2s−1
A (φ;n− p, ζ, (Lζ)
pξ), (4.7)
Q
(n)
V
A′
1
···A′
2s−1
A [Υ, ζ ] =
1− (−1)n
2
V
A′
1
···A′
2s−1
A (φ¯;n, ζ,Υ)
−
(−1)n
2
n∑
p=1
(
n
p
)
V
A′
1
···A′
2s−1
A (φ¯;n− p, ζ, (Lζ)
pΥ). (4.8)
These characteristics are adjoint symmetries of order qW , qT , qZ , qV , where
qT = n, if n is even, qT < n, if n is odd, (4.9)
qZ = n, if n is odd, qZ < n, if n is even, (4.10)
qV = n + 1, if n is odd, qV < n + 1, if n is even, (4.11)
and qW = 0. In particular, (4.6) for n = 2r = qT , (4.7) for n = 2r + 1 = qZ , (4.8) for
n = 2r + 2 = qV , r ≥ 0, are respectively equivalent to adjoint symmetries with the highest
order terms
ξ
A1···A2s−1(A′1···A
′
2s−1ζ
C′
1
C1
· · · ζ
C′
2r)
C2r
φ
C1···C2r
AA1···A2s−1C′1···C
′
2r
, (4.12)
−iξ
A1···A2s−1(A′1···A
′
2s−1ζ
C′
1
C1
· · · ζ
C′
2r+1)
C2r+1
φ
C1···C2r+1
AA1···A2s−1C′1···C
′
2r+1
, (4.13)
−Υ
(A′A′
1
···A′
2s−1B
′
1
···B′
2sζ
C′
1
C1
· · · ζ
C′
2r+1)
C2r+1
ǫBAφ¯
BC1···C2r+1
B′
1
···B′
2sA
′C′
1
···C′
2r+1
, (4.14)
provided ζ, ξ,Υ are non-zero.
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The proof of Lemma 4.2 proceeds along the same steps as in the case s = 1 in Ref. [3],
which we outline here in brief. First, write
∆
A′
A1···A2s−1
(φ) = φ
AA′
A1···A2s−1A,
. (4.15)
This spinor function satisfies the Lie derivative identity
∆
A′
A1···A2s−1
(Lˆζφ) = (Lˆζ +
1
2
div ζ)∆
A′
A1···A2s−1
(φ). (4.16)
Similar identities hold for the linear adjoint symmetries (3.4) and (3.5),
U
A′
1
···A′
2s−1
A (Lˆζφ;n, ζ, ξ) = LˆζU
A′
1
···A′
2s−1
A (φ;n, ζ, ξ)− U
A′
1
···A′
2s−1
A (φ;n, ζ,Lζξ), (4.17)
V
A′
1
···A′
2s−1
A (Lˆζ φ¯;n, ζ,Υ) = LˆζV
A′
1
···A′
2s−1
A (φ¯;n, ζ,Υ)− V
A′
1
···A′
2s−1
A (φ¯;n, ζ,LζΥ), (4.18)
where, recall, the Lie derivatives of the Killing spinors ξ and Υ are again Killing spinors. To
proceed with the computation of the characteristics (4.5) to (4.8), we apply DAA′ to obtain
the total divergence of the conserved currents (4.2) to (4.4) and use the equations
D
A(A′
1U
A′
2
···A′
2s)
A (φ;n, ζ, ξ) = ξ
A1···A2s−1(A′1···A
′
2s−1∆
A′
2s)
A1···A2s−1
(φ
(n)
ζ ), (4.19)
D
A(A′
1V
A′
2
···A′
2s)
A (φ¯;n, ζ,Υ) = Υ
A′
1
B′
1
···A′
2sB
′
2sDAB′
1
∆¯
A
B′
2
···B′
2s
(φ¯
(n)
ζ )
+
2s
4s+ 1
∂AB′
1
Υ
A′
1
B′
1
···A′
2sB
′
2s∆¯
A
B′
2
···B′
2s
(φ¯
(n)
ζ ). (4.20)
Next we substitute identity (4.16) and integrate by parts to move all Lie derivatives
from ∆
A′
A2···A2s
(φ) and ∆¯
A
B′
2
···B′
2s
(φ¯) onto the adjoint symmetries U
A′
2
···A′
2s
A (φ;n, ζ, ξ) and
V
A′
2
···A′
2s
A (φ¯;n, ζ,Υ). Then we repeatedly use the Lie derivative identities (4.17) and (4.18),
which leads to the characteristic equation (2.37) for the currents (4.2) to (4.4) where Q is
given by (4.6) to (4.8). Finally, the characteristic (4.5) is obtained immediately from the
total divergence of the current (4.1).
From Lemma 4.2 combined with Proposition 4.1 and Theorem 2.5, we now have the
following classification result for conserved currents.
Theorem 4.3. Every conserved current of the massless spin s ≥ 1/2 field equations (2.1)
is equivalent to the sum of a linear current and a quadratic current. The equivalence classes
of linear currents are represented by the currents
ΦW
AA′
[ω], (4.21)
where ω satisfies the adjoint spin s field equations (2.14). The equivalence classes of
quadratic currents of weight at most w are represented by sums of the currents
Φ
(2r)
T
AA′
[ξ, ζ ], 0 ≤ r ≤ [w/2], (4.22)
Φ
(2r+1)
Z
AA′
[ξ, ζ ], 0 ≤ r ≤ [(w − 1)/2], (4.23)
Φ
(2r+1)
V
AA′
[Υ, ζ ], 0 ≤ r ≤ [w/2]− 1, (4.24)
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involving real conformal Killing vectors ζ, rank 2s− 1 real conformal Killing tensors ξ, and
rank 2s self-dual conformal Killing-Yano tensors Υ for each r. In particular, up to quadratic
currents of lower weight, a quadratic current of minimal even weight w = 2r is equivalent
to a sum of currents
Ψ
AA′ ≃
∑
ζ,ξ
±Φ(w)T
AA′
[ξ, ζ ] +
∑
ζ,Υ
±Φ(w−1)V
AA′
[Υ, ζ ],
and a quadratic current of minimal odd weight w = 2r+1 is equivalent to a sum of currents
Ψ
AA′ ≃
∑
ζ,ξ
±Φ(w)Z
AA′
[ξ, ζ ].
As in the case s = 1, the spans of the respective currents (4.22), (4.23), (4.24) for fixed
r ≥ 0 contain non-trivial currents of lower weight, and consequently it is convenient to
introduce quotients of the vector spaces VT2r, V
Z
2r+1, V
V
2r+2 of equivalence classes of these
currents of weight at most 2r, 2r + 1, 2r + 2, respectively. Let
N T2r = V
T
2r/V
T
2r−2, N
Z
2r+1 = V
Z
2r+1/V
Z
2r−1, N
V
2r+2 = V
V
2r+2/V
V
2r, for r ≥ 1, (4.25)
and
N T0 = V
T
0 , N
Z
1 = V
Z
1 , N
V
2 = V
V
2 . (4.26)
Corollary 4.4. The vector space of all quadratic currents of weight at most w is isomor-
phic to the direct sum
⊕[w/2]r=0 N
T
2r ⊕
[(w−1)/2]
r=0 N
Z
2r+1 ⊕
[w/2−1]
r=0 N
V
2r+2. (4.27)
Moreover, for each r ≥ 0, equations (4.12) to (4.14) establish a one-to-one correspondence
between the quotient spaces of quadratic currents N T2r, N
Z
2r+1, N
V
2r+2 and the vector spaces
of Killing spinors of types (2s+2r−1, 2s+2r−1)R, (2s+2r, 2s+2r)R, (2r+1, 2r+4s+1),
respectively.
We now outline the proof of the main classification Theorems 2.2 and 2.3 based on the
preceding results. First, by calculations similar to those in the proof of Lemma 4.2, we find
the following relation between the characteristics of the quadratic currents (4.22), (4.23),
(4.24) and those of the quadratic currents (4.2), (4.3), (4.4) in Theorem 2.2.
Proposition 4.5. Let ̺
AA′
be a real conformal Killing vector and let ̺(k)
A1A′1···AkA
′
k =
̺
(A1|A′1| · · · ̺
Ak)A
′
k denote the rank k conformal Killing tensor defined by the k-fold sym-
metrized product of ̺
AA′
. Let Y
A′B′
be a self-dual conformal Killing-Yano tensor and let the
rank k conformal Killing-Yano tensor defined by the k-fold symmetrized product of Y A′B′ be
denoted Y (k)
A′
1
···A′
4k = Y
(A′
1
A′
2 · · ·Y
A′
4k−1A
′
4k). Then the stress-energy currents Ψ
(r)
T
A′
A (φ, φ¯; ̺),
zilch currents Ψ
(r)
Z
A′
A (φ, φ¯; ̺), and chiral currents Ψ
(r)
V
A′
A (φ, φ¯; Y, ̺) admit the respective char-
acteristics
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(−1)r2Q(2r)T
A′
1
···A′
2s−1
A [̺
(2s−1), ̺], (4.28)
(−1)r2Q(2r+1)Z
A′
1
···A′
2s−1
A [̺
(2s−1), ̺], (4.29)
(−1)r+1
r+1∑
p=0
Q
(2r+1)
V
A′
1
···A′
2s−1
A [(L̺)
pY (2s−1), ̺]. (4.30)
These characteristics are adjoint symmetries of order qT = 2r, qZ = 2r + 1, qV = 2r + 2,
whose highest order terms are given by (4.12), (4.13), (4.14), with ζ = ̺, ξ = ̺(2s−1),
Υ = Y (2s−1).
One can now use the Killing spinor factorization in Lemma 3.1, and Corollary 4.4 com-
bined with Proposition 4.5, to show by induction that for each r ≥ 0 the characteristics
Q
(2r)
T
A′
1
···A′
2s−1
A [ξ, ζ ], Q
(2r+1)
Z
A′
1
···A′
2s−1
A [ξ, ζ ], Q
(2r+1)
V
A′
1
···A′
2s−1
A [Υ, ζ ] (4.31)
given by (4.6) to (4.8) are, respectively, equivalent to a linear combination of the character-
istics
Q
(2n)
T
A′
1
···A′
2s−1
A [̺
(2s−1), ̺], Q
(2n+1)
Z
A′
1
···A′
2s−1
A [̺
(2s−1), ̺], Q
(2n+1)
V
A′
1
···A′
2s−1
A [(L̺)
pY (2s−1), ̺]
(4.32)
involving real conformal Killing vectors ̺ and self-dual conformal Killing-Yano tensors Y
for 0 ≤ n ≤ r. Hence, Theorem 2.5 now leads to the following classification result.
Theorem 4.6. For each integer r ≥ 0, the currents Φ(2r)T
AA′
[ξ, ζ ], Φ
(2r+1)
Z
AA′
[ξ, ζ ],
Φ
(2r+1)
V
AA′
[Υ, ζ ] are respectively equivalent to a sum of stress-energy currents Ψ
(n)
T
A′A
(φ, φ¯; ̺),
zilch currents Ψ
(n)
Z
A′A
(φ, φ¯; ̺), and chiral currents Ψ
(n)
V
A′A
(φ, φ¯; Y, ̺), 0 ≤ n ≤ r, involving
real conformal Killing vectors ̺ and self-dual conformal Killing-Yano tensors Y , for each n.
Finally, from Lemma 3.1 and Corollary 4.4, we are able to count the number of lin-
early independent equivalence classes of conserved currents of any weight, which establishes
Theorem 2.3.
Corollary 4.7. The respective dimensions of the vector spaces of quadratic currents N Zw of
odd weight w ≥ 1 and N Tw⊕N
V
w of even weight w ≥ 2 are (2s+w)
2(2s+w+1)2(4s+2w+1)/12
and (4s+ 2w + 1)(2w(w + 1)(4s+ w)(4s+ w + 1) + (2s+ w)2(2s+ w + 1)2)/12.
V. CONSERVED QUANTITIES
Let x
µ
= {t, x1, x2, x3} denote the standard Minkowski spacetime coordinates and let
Σt denote a spacelike hyperplane t = const. Given a locally constructed conserved current
Ψ
AA′
of the massless spin s field equations (2.1), let
C
Ψ[φ]
=
∫
Σt
tAA′Ψ
AA′
[φ]d3x, (5.1)
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where t
AA′
is the unit timelike future normal to Σt, and Ψ
AA′
[φ] denotes Ψ
AA′
evaluated on
a smooth solution φA1···A2s(t, x) of (2.1). Then CΨ[φ]
is a conserved (i.e., time-independent)
finite quantity, C
Ψ[φ]
< ∞ and ∂tCΨ[φ] = 0, provided that the density tAA′Ψ
AA′
[φ] decays
sufficiently fast and the flux of the spatial projection of Ψ
AA′
[φ] vanishes at infinity on
Σt. In particular, this holds if φA1···A2s(t, x) is compactly supported on Σt for all t, and if
Ψ
AA′
[φ](t, x) = 0 whenever ∂
C′
1
C1
· · ·∂
C′p
Cp
φA1···A2s(t, x) = 0, p ≥ 0, as is the case with the linear
and quadratic currents (4.21) to (4.24).
We now give a derivation of conserved quantities arising from the stress-energy, zilch,
and chiral currents (4.22) to (4.24) based on a 3 + 1 split of the spin s field equations (2.1)
into electric and magnetic parts.
A. Electric and magnetic spin s ≥ 1/2 fields
As a preliminary, we consider the familiar case s = 1. Using a timelike unit vector t
AA′
,
we define the electric and magnetic parts of the s = 1 field strength φAB by
~EAA′ + i
~BAA′ =
t
B′
A φ¯A′B′ , where
~EAA′,
~BAA′ represent real-valued vectors satisfying t
AA′ ~EAA′ = t
AA′ ~BAA′ =
0. Thus ~EAA′ ,
~BAA′ have no time component, and we thereby obtain the decomposition
φ¯A′B′ = 2t
A
A′ (
~EAB′ + i
~BAB′). Now, we split the s = 1 field equations φ¯
B′
A′B′,A = 0 into
time and space components with respect to t
AA′
. Let Dt = t
AA′
DAA′ denote the total time
derivative, and ~DAA′ = DAA′ − tAA′Dt denote the total spatial gradient. The splitting then
yields
Dt
~EAA′ =
~D × ~BAA′,
~D · ~E = 0, (5.2)
Dt
~BAA′ = −
~D × ~EAA′,
~D · ~B = 0, (5.3)
where ~D· and ~D× denote the standard spatial divergence and curl operators which act on
spinorial vector functions vAA′ satisfying t
AA′
vAA′ = 0 on J
∞(φ) by
~D · v = ~DAA
′
vAA′,
~D × vAA′ = it
BB′
( ~DAB′vBA′ −
~DBA′vAB′). (5.4)
Thus, equations (5.2) and (5.3) describe an electric-magnetic formulation of the s = 1 field
equations, comprising a spinorial version of the Maxwell equations.
We now proceed analogously for integer spins s = 1, 2, . . .. Write
t
B′
1
A1
· · · t B
′
s
As
φ¯A′
1
···A′sB
′
1
···B′s
= ~EA1···AsA′1···A′s
+ i ~BA1···AsA′1···A′s
, (5.5)
where ~EA1···AsA′1···A′s
, ~BA1···AsA′1···A′s
are real symmetric spinors satisfying
t
A1A′1 ~EA1···AsA′1···A′s
= t
A1A′1 ~BA1···AsA′1···A′s
= 0. (5.6)
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This expression (5.5) yields the identity
φ¯A′
1
···A′sB
′
1
···B′s
= 2st
A1
A′
1
· · · t AsA′s (
~EA1···AsB′1···B′s
+ i ~BA1···AsB′1···B′s
), (5.7)
and hence the spin s field equations (2.1) split into the components
Dt
~EA1···AsA′1···A′s
= ~D × ~BA1···AsA′1···A′s
, Dt
~BA1···AsA′1···A′s
= −~D × ~EA1···AsA′1···A′s
, (5.8)
~D · ~EA1···As−1A′1···A′s−1
= 0, ~D · ~BA1···As−1A′1···A′s−1
= 0. (5.9)
Here the action of the operator ~D× on symmetric spinors in (5.8) is well defined due to the
divergence conditions (5.9).
Note the field equations (5.8) and (5.9) admit duality rotations generated by the trans-
formation on the electric and magnetic spinors
~EA1···AsA′1···A′s
→ − ~BA1···AsA′1···A′s
, ~BA1···AsA′1···A′s
→ ~EA1···AsA′1···A′s
(5.10)
corresponding to the symmetry (2.5). In tensor form, these spinors represent electric
and magnetic trace-free symmetric real tensors ~Ea1···as = e
A1A′1
a1
· · · e AsA
′
s
as
~EA1···AsA′1···A′s
,
~Ba1···as = e
A1A′1
a1
· · · e AsA
′
s
as
~BA1···AsA′1···A′s
(see also Ref. [13]).
One can generalize the previous equations to half-integer spins s = 1/2, 3/2, . . . by
considering a complex-valued hybrid trace-free symmetric tensor/spinor ~EAa1···as−1/2 =
e
A1A′1
a1
· · · e
As−1/2A
′
s−1/2
as−1/2
~EAA1···As−1/2A′1···A′s−1/2
determined by
~EA1···As+1/2A′1···A′s−1/2
= t
B′
1
A1
· · · t
B′s+1/2
As+1/2
φ¯A′
1
···A′s−1/2B
′
1
···B′s+1/2
, (5.11)
for s = j + 1/2, j ≥ 0. Here the symmetric spinor ~EA1···As+1/2A′1···A′s−1/2
satisfies
φ¯A′
1
···A′s−1/2B
′
1
···B′s+1/2
= 2s+1/2t
A1
B′
1
· · · t
As+1/2
B′s+1/2
~EA1···As+1/2A′1···A′s−1/2
(5.12)
and t
A1A′1 ~EA1···As+1/2A′1···A′s−1/2
= 0, but it has no well-defined decomposition into real and
imaginary (respectively electric and magnetic) parts. Consequently, the time and space
components of the spin s field equations (2.1) now yield, after some algebraic manipulations,
Dt
~EA1···As+1/2A′1···A′s−1/2
= −i ~D × ~EA1···As+1/2A′1···A′s−1/2
, (5.13)
~D · ~EA′
1
···A′s−3/2A1···As−1/2
= 0, if s = j + 1/2, j ≥ 1, (5.14)
Dt
~EA = −i
~D+ ×
~EA, if s = 1/2, (5.15)
where the curl operator in (5.15) acts on spinor functions vA on J
∞(φ) by ~D+ × vA =
2it
BB′ ~DAB′vB. Note these field equations admit duality rotations generated by the transfor-
mation
~EA1···As+1/2A′1···A′s−1/2
→ i ~EA1···As+1/2A′1···A′s−1/2
for s = j + 1/2, j ≥ 0. (5.16)
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B. Electric and magnetic conserved quantities
The stress-energy, zilch, and chiral currents (2.15), (2.16), (2.17) can be expressed
straightforwardly in electric-magnetic form (5.7) and (5.12) for all s ≥ 1/2. Here we write
down the resulting conserved quantities obtained from the associated conserved tensors
(2.26), (2.27), (2.28) and (2.29) in some simple cases.
Consider integer spins s = 1, 2, . . .. We will use a dot notation to denote contraction of
tensor indices. A complete contraction of the spin s energy tensor and zilch tensor with the
timelike vector t
AA′
yields
1
2
t
A1
A′
1
· · · t A2sA′
2s
T
A′
1
···A′
2s
A1···A2s
= ~E · ~E + ~B · ~B, (5.17)
1
2
t
A1
A′
1
· · · t A2sA′
2s
t
B
B′ Z
A′
1
···A′
2sB
′
A1···A2sB
= −~E · ( ~D × ~E)− ~B · ( ~D × ~B), (5.18)
after the elimination of time derivatives by means of the field equations (5.8). The analogous
contraction of t
AA′
with the spin s chiral tensors vanishes. However, by contracting with
t
AA′
and u
BB′
on these tensors, where u
BB′
is any fixed spacelike unit vector, we obtain the
expressions
t
A1
A′
1
t
A2
A′
2
t
B1
B′
1
· · · t B2sB′
2s
u
C1
C′
1
· · ·u C2sC′
2s
V+
A′
1
A′
2
B′
1
C′
1
···B′
2sC
′
2s
A1A2B1C1···B2sC2s
=
−(u(s) · ( ~D × ~E))2 + (u(s) · ( ~D × ~B))2 +
1
2
( ~D(u
(s) · ~E))2 −
1
2
( ~D(u
(s) · ~B))2, (5.19)
t
A1
A′
1
t
A2
A′
2
t
B1
B′
1
· · · t B2sB′
2s
u
C1
C′
1
· · ·u C2sC′
2s
V−
A′
1
A′
2
B′
1
C′
1
···B′
2sC
′
2s
A1A2B1C1···B2sC2s
=
u
(s) · ( ~D × ~E)u(s) · ( ~D × ~B) + ~D(u(s) · ~E) · ~D(u(s) · ~B), (5.20)
where the last two terms in both (5.19) and (5.20) involve a contraction of gradients, and
where u
(s)
denotes u
A1
A′
1
· · ·u AsA′s .
Note that, under the duality symmetry (5.10), the conserved quantities in (5.17)
and (5.18) display manifest invariance, whereas the conserved quantities in (5.19) and (5.20)
are chiral. The quantity (5.17) has an obvious interpretation as a nonnegative energy density
of spin s electric and magnetic fields. Similarly, the quantity (5.18) can be interpreted as
a signed power density where the sign is determined according to decomposing the spin s
electric and magnetic fields into positive and negative frequency components. Indeed, for
positive/negative frequency plane waves
~EA1···AsA′1···A′s
+ i ~BA1···AsA′1···A′s
= fnA1A′1
· · ·nAsA′se
±iω(t−x3) (5.21)
propagating in the x3 direction with amplitude f and frequency ω and polarization vector
nAA′ = x
1
AA′ + ix
2
AA′ (where x
µ
AA′ denotes a unit vector in the spatial direction x
µ
), the
quantities (5.17) and (5.18) yield |f |2 and ∓ω|f |2. The chiral quantities (5.19) and (5.20)
for uBB′ = nBB′ yield ω
2(f 2 + f¯ 2) and iω2(f 2 − f¯ 2).
Similar expressions to (5.17), (5.18), (5.19) and (5.20) are obtained for half-integer spins
s = 1/2, 3/2, . . .. However, the interpretation of these quantities changes. In particular, the
quantity arising from the complete contraction of the tensor T
A′
1
···A′
2s
A1···A2s
with t
AA′
no longer
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represents an energy density but instead is a “spinor particle density” tAA′
~¯E
A′ · ~EA, which
is a spin s generalization of the familiar neutrino (i.e., s = 1/2) particle density expression
t
AA′
φAφ¯A′ = 2tAA′
~¯E
A′ ~E
A
[9].
C. A complete set
Here we outline an algorithm for constructing an explicit basis for the vector spaces
spanned by the stress-energy, zilch, and chiral currents.
To begin we write explicit expressions for conformal Killing tensors and conformal Killing-
Yano tensors, given by solutions of the Killing spinor equations (3.2). In spinor form,
complex-valued conformal Killing vectors and self-dual conformal Killing-Yano tensors are
quadratic polynomials
ξ
AA′
= α1
AA′
+ α2x
AA′
+ α3
A′B′
x
A
B′ + α4
AB
x
A′
B + α5
B′B
x
A
Bx
A′
B′ , (5.22)
Y
A′B′
= β1
A′B′
+ β2
A(A′
x
B′)
A + β3
AB
x
A′
A x
B′
B , (5.23)
in the Minkowski spacetime coordinates x
CC′
, where α1
AA′
, α2, α3
A′B′
, α4
AB
, α5
BB′
, β1
A′B′
,
β2
AA′
, β3
AB
are constant symmetric spinors. Similarly, a Killing spinor κ
A1···AkA
′
1
···A′k+2l of
type (k, k+ 2l) is a polynomial of degree at most 2(k+ l) in x
CC′
whose monomial terms of
degree 0 ≤ p ≤ 2(k + l) are given by
κ
A′
1
······A′k+2l
(p)A1···Ak
(x) = γ(p;q)
B′
1
···B′q(A
′
p−q+1···A
′
k+2l
B1···Bp−q(Aq+1···Ak
x
A′
1
|B1| · · ·x
A′p−q)Bp−qxA1|B′1|
· · ·xAq)B′q (5.24)
with constant symmetric spinor coefficients γ(p;q), where 0 ≤ q ≤ min(k, p).
Fix a spinor basis {oA, ιA} satisfying oAι
A
= 1. This determines a corresponding null-
tetrad basis for the vector space of constant spinorial vectors
k
AA′
= o
A
o¯
A′
, ℓ
AA′
= ι
A
ι¯
A′
, m
AA′
= o
A
ι¯
A′
, m¯
AA′
= ι
A
o¯
A′
, (5.25)
and of constant self-dual spinorial skew-tensors
m¯
A′A
k
B′
A = o¯
A′
o¯
B′
, ℓ
A(A′
k
B′)
A = o¯
(A′
ι¯
B′)
, ℓ
AA′
m
B′
A = ι¯
A′
ι¯
B′
. (5.26)
A basis for the monomial Killing spinors (5.24) is generated by the set of constant spinors
γ(p;q)
C′
1
···C′Q
C1···CR
= o¯
C′
1 · · · o¯C
′
n ι¯
C′n+1 · · · ι¯
C′QoC1 · · · oCmιCm+1 · · · ιCR , (5.27)
0 ≤ n ≤ Q = k + 2l + 2q − p, 0 ≤ m ≤ R = k + p− 2q.
Now, recall from Corollary 4.4 that the equivalence classes of currents of minimal even
weight w ≥ 0 in N Tw and w ≥ 2 in N
V
w , and of minimal odd weight w ≥ 1 in N
Z
w are in
one-to-one correspondence with Killing spinors respectively of type (w+2s−1, w+2s−1)R
and (w− 1, w+4s− 1) if w is even and of type (w+2s− 1, w+2s− 1)R if w is odd. These
Killing spinors are given by sums of monomials (5.24) of degree 0 ≤ p ≤ 2w + 4s− 2, with
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k = w+ 2s− 1, l = 0, and, k = w− 1, l = 2s when w is even, and k = l = w+ 2s− 1 when
w is odd. The algorithm now proceeds in three steps:
(i) given w ≥ 0, then for each value of p, q, n,m, choose a factorization of the monomial
Killing spinor basis (5.24) and (5.27) into a symmetric product of complex conformal Killing
vectors and self-dual conformal Killing-Yano tensors;
(ii) substitute the null tetrad basis (5.25), (5.26) for pairs of basis spinors in the factorized
monomial Killing spinor;
(iii) write the real part of the conserved currents (2.15), (2.16), (2.17) using the resulting
conformal Killing vectors and conformal Killing-Yano tensors.
This algorithm yields a basis for the quotient spaces of stress-energy currents N Tw, zilch
currents N Zw, and chiral N
V
w , respectively for w = 2r, 2r + 1, 2r + 2, for each fixed r ≥ 0.
Details of this construction in the case s = 1 are given in Ref. [3].
VI. CONCLUDING REMARKS
In this paper we have presented a complete and explicit classification of all locally con-
structed conserved currents for massless linear symmetric spinor fields of spin s ≥ 1/2 in
Minkowski spacetime. This work generalizes the recent classification results we obtained
[3] for all conserved currents locally constructed from the electromagnetic field strength in
the case s = 1. Our results give a spin s ≥ 1/2 generalization of the new electromagnetic
chiral tensor found in the spin 1 case, in addition to spin s ≥ 1/2 generalizations of Lipkin’s
electromagnetic zilch tensor [16,17] and the well-known electromagnetic energy tensor [18].
The chiral tensor is physically interesting as it possesses odd parity under the interchange
of the electric and magnetic parts of the spin s = 1, 2, . . . field strengths (and under a phase
rotation on the spin s = 1/2, 3/2, . . . field strengths), in contrast to the even parity of both
the energy and zilch tensors. In particular, the duality symmetry of the spin s field equations
is broken by the conserved currents associated with the chiral tensor, and hence these chiral
currents distinguish between pure “electric” and pure “magnetic” field strengths.
Moreover, our results yield a complete set of conserved quantities locally constructed from
the spin s ≥ 1/2 field strength. While the physical interpretation of these quantities apart
from the well-known energy, momentum, stress, angular and boost momentum obtained
from the energy tensor have yet to be fully explored, they provide new constants of motion
characterizing the propagation of massless spin s ≥ 1/2 fields in flat spacetime, which is of
obvious interest in the study of, e.g., gravitons (s = 2), neutrinos (s = 1/2), and gravitinos
(s = 3/2). In particular, the zilch tensor yields physically meaningful quantities related to
the positive/negative frequency power spectrum of the propagating fields.
Our classification results are also applicable to the problem of constructing all consistent
nonlinear interactions of spin s ≥ 1/2 gauge fields. As shown in the work in Refs. [19,20,21],
conserved currents of the linear field equations play a central role in the construction by
determining possible quadratic interaction terms for nonlinear spin s gauge field equations.
Finally, our methods and results can be extended directly from the linear massless spin
s ≥ 1/2 field equations in flat spacetime to the corresponding equations
∇A1A′ φA1···A2s(x) = 0 (6.1)
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in any locally conformally flat spacetime. Here ∇AA′ = e
a
AA′∇a is the spinorial covariant
derivative compatible with the curved spacetime metric gab = e
AA′
a e
BB′
b ǫABǫA′B′ , where
e
AA′
a is a soldering form. All locally constructed conserved currents continue to arise from
adjoint symmetries of (6.1) through the integral formula (2.45). The adjoint symmetries can
be obtained by solving
D
A(A′
1P
A′
2
···A′
2s)
A = 0 (6.2)
on the solution space of (6.1), where P
A′
1
···A′
2s−1
A is a function of the spacetime coordinates
and the spin s ≥ 1/2 field strength and its symmetrized covariant derivatives, and where DAA′
now denotes the covariant total derivative operator. Up to equivalence, P
A′
1
···A′
2s−1
A remains
linear in the field variables, with the coefficients determined by conformally-flat spacetime
Killing spinors which satisfy the equations
∇(B
′|(B
κ
A1···Ak)|A
′
1
···A′
l
)
= 0. (6.3)
The invariance of (6.1) to (6.3) under local conformal scalings of gab allows for a complete and
explicit classification of the resulting spin s conserved currents. Corresponding conserved
tensors arise from the conserved currents, as in flat spacetime.
Note that the restriction to conformally flat metrics is necessary for the well-posedness
(local solvability) of the field equations (6.1) for s > 1, due to the well-known algebraic
consistency conditions [1,9] occurring on solutions of (6.1). In the cases s = 1/2 and s = 1,
the field equations (6.1) are well-posed (locally solvable) without conditions on gab. However,
the Killing spinor equations (6.3) possess, independently of s, similar algebraic consistency
conditions relating the Killing spinor and the curvature spinor of gab [1]. Consequently, non-
trivial spin 1/2 and spin 1 conserved currents exist only for certain curved metrics gab, as
pointed out in Ref. [3]. Particularly interesting here is the Kerr blackhole spacetime metric,
for which the geodesic equations are known to possess an extra conserved quantity related
to the existence of a Killing-Yano tensor [22].
Finally, in the spin 2 case, recall that the massless field strength φABCD describes [1,9]
perturbations of the spacetime metric gab satisfying the vacuum Einstein field equations. In
particular, if gab is linearized around a background Minkowski metric ηab, then the corre-
sponding linearization of the curvature spinor CABCD of gab is given by φABCD satisfying
(2.1). We thereby find that the spin 2 energy tensor (2.26) corresponds to the spinorial form
of the Bel-Robinson tensor [1],
CABCDC¯
A′B′C′D′
. (6.4)
By the same correspondence, the spin 2 zilch tensor (2.27) and chiral tensors (2.28) and (2.29)
lead to analogous tensors constructed from derivatives of the curvature spinor, namely,
i(C¯
A′B′C′D′∇E
′
E CABCD − CABCD∇
E′
E C¯
A′B′C′D′
), (6.5)
and
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ǫABǫCDǫEF ǫGH(∇
M ′
(M C¯
A′B′C′D′∇N
′
N)C¯
E′F ′G′H′ −∇N
′
[N C¯
A′B′C′D′∇M
′
M ]C¯
E′F ′G′H′
) + c.c., (6.6)
iǫABǫCDǫEF ǫGH(∇
M ′
(M C¯
A′B′C′D′∇N
′
N)C¯
E′F ′G′H′ −∇N
′
[N C¯
A′B′C′D′∇M
′
M ]C¯
E′F ′G′H′
) + c.c., (6.7)
where c.c. denotes the complex conjugates of all preceding terms. While the gravitational
zilch tensor (6.5) has long been known [23,24] as a counterpart of the electromagnetic zilch
tensor [16,17], the gravitational chiral tensors (6.6) and (6.7) are, apparently, new. Discus-
sion of the properties and significance of these chiral tensors in General Relativity will be
left for elsewhere.
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